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ON THE CONSTRUCTION OF MODULI STACK OF
PROJECTIVE HIGGS BUNDLES OVER SURFACES
YUNFENG JIANG
Abstract. We generalize the construction of M. Lieblich for the compactifi-
cation of the moduli stack of PGLr-bundles on algebraic spaces to the moduli
stack of Tanaka-Thomas PGLr-Higgs bundles on algebraic schemes. The
method we use is the moduli stack of Higgs version of Azumaya algebras. In the
case of smooth surfaces, we obtain a virtual fundamental class on the moduli
stack of PGLr-Higgs bundles. An application to the Vafa-Witten invariants is
discussed.
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1. Introduction
It is well-known that the Langlands dual group of the group SLr is PGLr. The
moduli space Mr,LpXq of slope semistable vector bundles on a smooth algebraic
curve X with rank r and fixed determinant L P PicpXq is a smooth projective
scheme. The moduli space Nr,LpXq of semistable Higgs bundles pE, φq on X with
detpEq “ L is a smooth hyperka¨hler manifold. The structure group for such
moduli spaces is SLr. Motivated by mirror symmetry and Langlands duality, it
is interesting to study the moduli space of PGLr-bundles or PGLr-Higgs bundles.
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The research along this direction has been studied for a long time. Especially in [8],
Hausel-Thaddeus have made a conjecture that the moduli space of Higgs bundles for
the group SLr and the moduli space of PGLr-Higgs bundles onX form a SYZ mirror
partner. Hausel-Thaddeus have proved several cases, and recently this conjecture
was proved in [6]. In [27], Yun has studied a more refined correspondence between
the moduli stack of parabolic SLr-Higgs bundles on X and the moduli stack of
parabolic PGLr-Higgs bundles on X via Hecke correspondence.
Let X be a smooth projective surface. The moduli space N :“ Nr,L,c2pXq of
stable Higgs sheaves pE, φq was studied in [22], where a Higgs sheaf pE, φq means
that E is a torsion free coherent sheaf of rank r, detpEq “ L, and second Chern class
c2pEq “ c2; and φ : E Ñ E bKX an OX -linear map called the Higgs field. This is
not the case of Simpson Higgs bundles or sheaves, where Simpson takes the Higgs
field as θ : E Ñ EbΩX . The moduli space N is isomorphic to the moduli space of
stable torsion two dimensional sheaves on the total space Y :“ TotpKXq supported
on X . The structure group for the moduli space N is SLr. In the Langlands dual
side, the moduli stack GAsXprq of stable PGLr-bundles and its compactification
was constructed in [18] using the generalized Azumaya algebras.
The S-duality conjecture of Vafa-Witten [24] predicted that the Langlands
dual gauge group SUprq{Zr-Vafa-Witten theory can be obtained from the S-
transformation of the gauge group SUprq-Vafa-Witten theory. More details can
be found in [24], [12] and [13]. The Vafa-Witten invariants for the surface S and
gauge group SUprq are defined by Tanaka-Thomas [22] using the moduli space N
of stable Higgs sheaves pE, φq. The method to define the invariants was studied in
[9], [10]. Tanaka-Thomas proved that there is a symmetric obstruction theory on
N in the sense of Behrend [2], and defined the Vafa-Witten invariants using virtual
localization techniques in [7] on the moduli spaces. They proved several cases of the
Vafa-Witten predictions for the group SUprq. To study the full S-duality conjecture
in [24], in [13] the author has developed a theory of twisted Vafa-Witten invariants
using the moduli space N tw :“ N tw,sX pr, L, c2q of stable X-twisted Higgs sheaves
pE, φq on X with detpEq “ L P PicpXq and c2pEq “ c2, where X Ñ X is a µr-gerbe
over the surface X . The twisted invariants are also defined by virtual localization
on the symmetric obstruction theory on N tw. In [13], the author conjectured that
the twisted Vafa-Witten invariants of all the µr-gerbes on X will give the gauge
group SUprq{Zr-Vafa-Witten invariants and satisfy the S-duality conjecture.
In [18], for a µr-gerbe X Ñ X such that its order |rXs| in the cohomological
Brauer group H2pX,Gmqtor is r (which is called an optimal gerbe), Lieblich showed
that the moduli stack Mtw of stable X-twisted sheaves on X is a cover over the
moduli stack GAsXprq of stable PGLr-torsors. We generalize the construction to
the moduli stackHGAsXprq of stable Higgs-Azumaya algebras of rank r
2. We show
that there exists a covering morphism from the moduli stackN tw of stable X-twisted
Higgs sheaves to the moduli stack HGAsXprq of stable Higgs-Azumaya algebras of
rank r2, see Proposition 4.4. We then show that this morphism is compatible
with the perfect obstruction theories on N tw and HGAsXprq respectively. Thus the
twisted Vafa-Witten invariants VWtw defined by N tw can be obtained from the
PGLr-invariants VW
PGL defined by HGAsXprq, see Theorem 4.8. This provides
an evidence that the twisted Vafa-Witten invariants studied in [13] are really the
Langlands dual side SUprq{Zr-Vafa-Witten invariants due to the fact that the
Langlands dual group of the structure group SLr is PGLr.
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1.1. Outline. This short note is organized as follows. In §2 we collect some
results of twisted objects and rigidifications for a stack; In §3 we provide the
construction of the moduli stack of PGLr-Higgs bundles using the generalized
Higgs-Azumaya algebras. Finally in §4 we talk about stability, the construction
of virtual fundamental classes and application to the Vafa-Witten invariants.
1.2. Convention. We work over an algebraically closed field κ of any character
throughout of the paper. We denote by Gm the multiplicative group over κ. We use
Roman letter E to represent a coherent sheaf on a projective DM stack or an e´tale
gerbe X, and use curl latter E to represent the sheaves on the total space TotpLq
of a line bundle L over X. We keep the convention in [24] to use SUprq{Zr as the
Langlands dual group of SUprq. We always write SLr :“ SLrpκq and PGLr :“
PGLrpκq.
Acknowledgments. Y. J. would like to thank Huai-Liang Chang, Amin
Gholampour, Martijn Kool, Richard Thomas and Hsian-Hua Tseng for valuable
discussions. This work is partially supported by NSF DMS-1600997.
2. Preliminaries on twisted objects and rigidifications
2.1. Notations. We mainly follow the notation and construction of Lieblich in his
beautiful paper [18, §3]. Let X be a smooth projective scheme. (Note that Lieblich
constructed the stack for any algebraic space X , for our purpose we fix to the case
of schemes.) For the definition of stacks of sheaves, we use [21], [14].
Let E be a quasi-coherent sheaf of finite presentation on X . The definition of
perfectness, pureness, total supportedness and total pureness of E are given in [18,
§3]. We use the following notations:
(1) T pXq: the stack of totally supported sheaves;
(2) T pXqparf : the stack of perfect totally supported sheaves;
(3) PpXq: the stack of pure sheaves;
(4) PpXqparf : the stack of perfect pure sheaves.
We need to define the corresponding stack of Higgs sheaves.
Definition 2.1. A Tanaka-Thomas Higgs sheaf on X is a pair pE, φq, where E P
CohpXq is a coherent sheaf, and
φ : E Ñ E bKX
is a OX-linear map which is called the Higgs field.
Remark 2.2. Let Y :“ TotpKXq be the total space of the canonical line bundle
KX. According to [22, Proposition 2.6], the category of Higgs sheaves on X is
equivalent to the category of dimpXq-dimensional torsion sheaves on Y supported
on the zero section X Ă TotpKXq.
We define the corresponding stacks of Higgs sheaves.
(1) H T pXq: the stack of totally supported Higgs sheaves;
(2) H T pXqparf : the stack of perfect totally supported Higgs sheaves;
(3) H PpXq: the stack of pure Higgs sheaves;
(4) H PpXqparf : the stack of perfect pure Higgs sheaves.
Remark 2.3. A Higgs sheaf pE, φq on X is called “totally supported”, “perfect
totally supported”, “pure” and “perfect pure” if the corresponding sheaf E is “totally
supported”, “perfect totally supported”, “pure” and “perfect pure” respectively.
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2.2. Construction of Lieblich. In [18, §3.4], Lieblich constructed the “twisted
objects and rigidification” for a stack. We recall it here. All the basic knowledge,
like “the relative small e´tale site” on a scheme X , see [18, §3].
Let A be an abelian group scheme on X , and X Ñ X an A-gerbe over X . Then
we have AX – IX, where AX is the sheaf of abelian group A on X and IX is the
inertia stack of X. In the following let us fix a stack Z Ñ X over the scheme X ,
and let
χ : AÑ IZ
be a central injection into the inertia stack of Z.
Definition 2.4. For the stack Z, an X-twisted section of Z over a scheme T Ñ X is
a 1-morphism f : XˆX T Ñ Z such that the induced map AÑ IpXˆXT q Ñ f
˚pIZq
is identified with the pullback under f of the canonical inclusion χ : AÑ IZ.
We denote by ZX the substack of the Hom stack HomXpX,Zq consisting of X-
twisted sections of Z.
2.2.1. Cocycle twisted objects. The A-gerbes on X are classified by the second e´tale
cohomology group H2
e´t
pX,Aq. Then we can represent the A-gerbe X Ñ X as a
cohomology class αX P H
2
e´t
pX,Aq. Let tU‚u Ñ X be a hypercovering such that
(1) there exists a section σ of X on U0, and
(2) the two pullbacks of σ to U1 are isomorphic via φ.
The coboundary of φ gives the cocycle αX. In general, this A-gerbe is the stack of
“twisted A-torsors”.
Definition 2.5. Given a class αX P H
2
e´t
pX,Aq, we fix a hypercover tU‚u and write
the cocycle as pαX, U‚q. A pαX, U‚q-twisted section of the stack Z over T Ñ X is
given by
‚ a 1-morphism φ : U0 ˆX T Ñ Z, and
‚ a 2-morphism ψ : pp10q
˚φ
„
ÝÑ pp11q
˚ψ, where p10 and p
1
1 are the two natural maps
U1ˆX T Ñ U0ˆX T , subject to the condition that the coboundary δψ P Autppp
1
0q
˚φq
is equal to the action of αX.
Proposition 2.6. ([18, Proposition 3.4.1.7]) There is a natural equivalence between
the stack of X-twisted objects of Z and pαX, U‚q-twisted objects of Z.
2.2.2. Pushing forward rigidifications. We recall the pushing forward and
rigidification construction of Lieblich and Abramovich-Corti-Vistoli [1]. Let X Ñ X
be an A-gerbe and Z an X-stack. Assume that there is a central injection:
AZ ãÑ IZ,
then we denote by Z ( A the “rigidification” of Z along A. Let f : X Ñ S be a
smooth morphism of schemes. From [18, §3.4.2.], there is a morphism
f˚pZq Ñ f˚pZ ( Aq.
This morphism implies that given a morphism
T Ñ S
of schemes, and a 1-morphism g : T Ñ f˚pZ(Aq, there is an AT -gerbe on X ˆT S
which is given by the morphism Z Ñ Z(A (which is an A-gerbe) and the fact that
T Ñ f˚pZ (Aq corresponds to a morphism X ˆS T Ñ Z ( A.
Let us recall the gerbe X-twisted part of f˚pZ (Aq.
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Definition 2.7. (Lieblich) Let X Ñ A be an A-gerbe. We use fX˚ pZ ( Aq
to denote by the stack-theoretic image of f˚pZ
Xq under the natural morphism
f˚pZ
Xq ãÑ f˚pZq Ñ f˚pZ ( Aq. The part f
X
˚ pZ ( Aq is called the “X-twisted”
part of f˚pZ (Aq.
2.2.3. Deformation theory. We also recall the deformation theory results in [18,
§3.4.3.]. For our purpose, we always assume f : X Ñ S is a smooth morphism
between smooth schemes. In particular we will take S “ Specpκq.
Let A be an abelian group scheme over X . Then from [18, Lemma 3.4.3.1], the
natural morphism
f˚BAÑ R
1f˚pAq
is a f˚A-gerbe over R
1f˚pAq, and the cotangent complex of f˚BA is trivial. We
list a result of Lieblich here for a later use.
Proposition 2.8. ([18, Corollary 3.4.3.3, Proposition 3.4.3.5]) The natural map
γ : f˚pZ
Xq ( f˚pAq Ñ f
X
˚ pZ (Aq
is representable by finite e´tale covers.
Also the stack f˚pZ
Xq is an Artin (resp. DM) stack if and only if the stack
fX˚ pZ (Aq is an Artin (resp. DM) stack.
The result in Proposition 2.8 implies the relationship of virtual fundamental
classes on f˚pZ
Xq and fX˚ pZ ( Aq if they admit perfect obstruction theories, see
Proposition 3.4.3.7, and Corollary 3.4.3.8. in [18].
3. Moduli stack construction of projective Higgs bundles
In this section we present two approaches for the construction of the moduli
stack compactification of PGLr-Higgs bundles using the result in §2. In [18, §4, §5],
Lieblich constructed some compactification of the moduli of PGLr-torsors and his
method works for the stack of Higgs bundles.
3.1. Abstract approach. Let us fix a smooth proper morphism f : X Ñ S, and
p : XÑ X a cyclic group µr-gerbe overX . The map f also represents the geometric
morphism Xre´t Ñ Se´t as in [18, §2]. We recall the stack of twisted Higgs sheaves in
[13].
3.1.1. Gerbe twisted sheaves. Let pi : X Ñ X be a µr-gerbe and we denote by rXs
to be the class in H2pX,µrq. Let E be a sheaf on X, then there is a natural right
group action
µ : E ˆ IX Ñ E,
see [16, Lemma 2.1.1.8]. Let χ : µr Ñ Gm be the inclusion character morphism.
Let E be a coherent OX-module, the module action m : Gm ˆ E Ñ E yields an
associated right action m1 : E ˆGm Ñ E by m
1ps, ϕq “ mpϕ´1, sq.
Definition 3.1. A χ-twisted sheaf or X-twisted sheaf on X is a coherent OX-module
E such that the natural action µ : Eˆµr Ñ E given by the µr-gerbe structure makes
the diagram
E ˆ µr //
χ

E
id

E ˆGm
m1 // E
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commutes.
Example 1. We also can define the Gm-gerbe X Ñ X twisted sheaf. Then let tUiu
be an open covering of X. A X-twisted sheaf on X is given by:
‚ a sheaf of modules Ei on each Ui;
‚ for each i and j an isomorphism of modules gij : Ej |Uij
–
ÝÑ Ei|Uij such that on
Uijk, Ek|Uijk
–
ÝÑ Ek|Uijk is equal to the multiplication by the scalar a P GmpUijkq
giving the 2-cocycle rXs P H2pX,Gmq.
3.1.2. Twisted Higgs sheaves. We fix a polarization OXp1q on X for the µr-gerbe
XÑ X .
Let us denote by Y :“ TotpKXq, the canonical line bundle of KX. This Y is a
Calabi-Yau stack. Here we let CohcpTotpKXqq be the abelian category of compactly
supported sheaves on TotpKXq. We fix the following diagram:
(3.1.1) Y
p //
pi

Y
pi

X
p // X
where Y “ TotpKXq is the total space of KX , which is the coarse moduli space of
Y. It is not hard to see that the DM stack YÑ Y is also a µr-gerbe, and the class
rYs P H2pY, µrq – H
2pX,µrq.
Definition 3.2. ([13, Definition 3.32]) An X-twisted Higgs sheaf on X is a pair
pE, φq, where E is a X-twisted coherent sheaf on X as in Definition 3.1, and φ :
E Ñ E bKX a OX-linear morphism such that the following diagram
E ˆ µr //
χ

E
id

φ // E bKX
id

E ˆGm
m1 // E
φ // E bKX
commutes.
From [11, Proposition 2.18] and [22, Proposition 2.2], for a µr-gerbe X Ñ X ,
there exists an abelian category HiggtwKXpXq of X-twisted Higgs pairs on X and an
equivalence:
(3.1.2) HiggtwKXpXq
„
ÝÑ Cohtwc pYq
where Cohtwc pYq is the category of compactly supported Y-twisted coherent sheaves
on Y.
As in [13, §3.4], we let N twX{Xpr,Oq be the moduli stack of X-twisted Higgs sheaves
pE, φq with rank r and detpEq “ O. Note that we haven’t put any stability. Here
is a generalization of Lemma 4.2.2. in [18] to Higgs sheaves:
Proposition 3.3. Let H T OX{Sprq be the stack of totally supported Higgs sheaves
with fixed determinant O. Then the stack f˚
´
H T
O
X{Sprq ( µr
¯
is an Artin stack
locally of finite presentation over S. If the morphism f is smooth, then the stack is
quasi-proper.
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Proof. The proof is the same as in [18, Lemma 4.2.2.]. It is sufficient to show locally
(hence globally) the morphism γ in Proposition 2.8 makes f˚
´
H T
O
X{Sprq ( µr
¯
a R2f˚pµrq-stack of finite presentations. Hence from the cohomology class of the
µr-gerbe given by a section of R
2f˚pµrq, it is sufficient to show that given a µr-
gerbe X Ñ X , the stack fX˚
´
H T
O
X{Sprq ( µr
¯
is an Artin stack locally of finite
presentation.
From Proposition 2.8, it is sufficient to show that f˚
ˆ´
H T
O
X{Sprq
¯X˙
is an
Artin stack locally of finite presentation. This is true since it is an open substack
of the stack of perfect X-twisted Higgs sheaves with trivial determinant.
The proof of quasi-properness is similar with [18, Lemma 4.2.2.], and is reduced
to prove f˚
ˆ´
H T
O
X{Sprq
¯X˙
is quasi-proper. Then the proof is reduced to show
that given a discrete valuation ring R and a torsion free X-twisted Higgs sheaf pE, φq
of rank r with detpEq “ O over the fractional field F of R, there is an extension of E
to a flat family over a finite flat extension of R such that the condition detpEq “ O
extends to the whole R. From [18, Lemma 4.2.2.], the coherent sheaf E extends. It
only need to check that the Higgs field φ : E Ñ E bKX extends too. But this is
from φ is OX-linear. 
We then define the following:
Definition 3.4. Let X Ñ X be a µr-gerbe over the scheme X. We define
H
X
r :“ f
X
˚
´
H P
O
X{Sprq ( µr
¯
.
This is the stack of PGLr-Higgs torsors.
3.2. The construction using generalized Azumaya algebras. We give the
construction of generalized Higgs version of Azumaya algebras. Lieblich used the
derived Skolem-Noether in the derived category DpOXq of OX -modules to study
generalized Azumaya algebras. For the basic facts about the weak algebras, see [18,
§5.1].
Definition 3.5. A pre-generalized Azumaya algebra on X is a perfect algebra A
in the derived category DpOXq of OX -modules such that there exists an open cover
tUiu P Xe´t and a totally supported perfect sheaf E on tUiu such that
A|Ui – REndUipEq
as weak algebras. An isomorphism of pre-generalized Azumaya algebras is an
isomorphism in the category of weak algebras.
Definition 3.6. A pre-generalized Higgs-Azumaya algebra on X is given by a pair
pA,Φq, where A is a pre-generalized Azumaya algebra on X, and Φ is the Higgs
section such that locally on U we have a diagram
A|U
– //

REndU pEq

AbKX |U
– // REndU pE bKXq
where AbKX exists as a weak algebra.
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3.2.1. Lieblich’s stack of generalized Azumaya algebras. Using Definition 3.5
Lieblich defined the stack AX of generalized Azumaya algebras on X . Let us recall
the degree of the generalized Azumaya algebra A on X . Associated to A, there
is a Gm-gerbe XpAq Ñ X , called the gerbe of trivializations of A, is by definition
the stack on the small site Xe´t such that its sections over U Ñ X is given by pairs
pE,ϕq, where E is a totally supported sheaf on U and ϕ : REndU pEq
„
ÝÑ A|U an
isomorphism of generalized Azumaya algebras.
Definition 3.7. The generalized Azumaya algebra A on X is of degree r if for any
U Ñ X,
A|U – REndU pEq
and E has rank r such that rkpAq “ r2. The degree of a generalized Higgs-Azumaya
algebra pA,Φq is the degree of A.
Let A be a generalized Azumaya algebra of degree r on X . We define the “gerbe
of trivialized trivialization” of A, which is denoted by XtrivpAq, to be the stack on
the small e´tale site of X such that its sections over U Ñ X are given by triples
pE,ϕ, δq, where on an open cover U Ñ X ,
ϕ : REndU pEq – A|U
is the isomorphism of generalized Azumaya algebras and δ : OU
„
ÝÑ detpEq is the
isomorphism of invertible sheaves after taking determinant. The isomorphisms
in the fiber categories are isomorphisms of the sheaves which preserve the
identifications with A and the trivializations of the determinants.
Remark 3.8. (1) From [18, Lemma 5.2.1.8], the gerbe XpAq Ñ X is a Gm-
gerbe on X; and its cohomology class is rXpAqs P H2pX,Gmq.
(2) The µr-gerbe XtrivpAq Ñ X determines a cohomology class rXtrivpAqs P
H2pX,µrq which maps to rXpAqs P H
2pX,Gmq from the exact sequence
¨ ¨ ¨H1pX,Gmq Ñ H
2pX,µrq Ñ H
2pX,Gmq ¨ ¨ ¨
which is given by the short exact sequence:
1Ñ µr ÝÑ Gm
p¨qr
ÝÑ Gm Ñ 1.
3.2.2. Stack of generalized Higgs-Azumaya algebras.
Definition 3.9. Define H A Xprq to be the stack of generalized Higgs-Azumaya
algebras on X of degree r.
We generalize Proposition 5.2.2.1 and Proposition 5.2.2.3 in [18].
Proposition 3.10. The morphism
γ : H T parfX prq Ñ H A Xprq
given by
pE, φq ÞÑ pREndpEq,Φq
gives rise to an isomorphism
H T Xprq ( Gm
„
ÝÑ H A Xprq.
And the morphism
γO : H T OXprq Ñ H A Xprq
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given by
pE, φq ÞÑ pREndpEq,Φq
yields an isomorphism H T OXprq ( µr
„
ÝÑ H A Xprq.
Proof. The proof for the generalized Azumaya algebra A and the corresponding
sheaf E are given in [18, Proposition 5.2.2.1, Proposition 5.2.2.3]. The only thing
to check is that the morphisms are compatible with the Higgs fields φ and Φ. 
Remark 3.11. Forgetting about the Higgs fields or setting φ “ 0,Φ “ 0, we get
the morphisms
γ : TXprq Ñ AXprq
and
γO : T OX prq Ñ AXprq
in [18].
Now let f : X Ñ S be a smooth morphism and we define the relative generalized
Azumaya algebras.
Definition 3.12. A relative generalized Higgs-Azumaya algebra on X{S is a
generalized Higgs-Azumaya algebra pA,Φq on X such that the local sheaves are
S-flat and totally pure on each geometric fiber.
Remark 3.13. The definition 3.12 is equivalent to the following: A –
Rpi˚REndXpEq where X Ñ X is a Gm-gerbe and E is a S-flat X-twisted sheaf
which is totally pure on each geometric fiber.
Definition 3.14. We define HGAX{Sprq to be the stack of generalized Higgs-
Azumaya algebras on X{S of rank r2 such that on each geometric fiber of f : X Ñ S
the class of the Azumaya algebra agrees with rXs P H2pX,µrq e´tale locally around
every point in the base.
We use the notation HGAX{Sprq to represent the stack of generalized Higgs-
Azumaya algebras on X{S of rank r2 on each fiber without mentioning the class
rXs.
Proposition 3.15. There is an isomorphism of stacks:
HGAX{Sprq
„
ÝÑ H Xr .
Proof. Recall from Definition 3.4,
H
X
r “ f
X
˚
´
H P
O
X{Sprq ( µr
¯
.
The stack H A Xprq parametrizes the generalized Higgs-Azumaya algebras pA,Φq
on X of degree r, such that locally they are isomorphic to REndpEq for an object
E P H PX{Sprq. So when we fix the determinant, the natural map:
H P
O
X{Sprq Ñ H A Xprq
induces an isomorphism
(3.2.1) H POX{Sprq ( µr
„
ÝÑ H A Xprq.
For the morphism f : X Ñ S, it is not hard to check that:
HGAX{Sprq
„
ÝÑ f˚pH A Xprqq
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and when fixing the cohomology class rXs P H2pX,µrq we have:
HGAX{Sprq
„
ÝÑ fX˚ pH A Xprqq “ H
X
r .

4. Stability, virtual fundamental classes and application to
Vafa-Witten invariants
In this section we fix a smooth projective surface f : X Ñ S “ Specpκq. We
define stability for Higgs Azumaya algebras. As pointed out by Lieblich, it is not
very convenient to define Gieseker stability for Higgs-Azumaya algebras and we fix
to slope stability.
4.1. Stability conditions. Recall that for a torsion-free sheaf E on X , the slope
of E is defined as: µpEq “ degpEq
rkpEq . The Hilbert polynomial of E is given by
HpE,mq “ χpX,E bOXpmqq. For a coherent sheaf E on the µr-gerbe X Ñ X , we
us the Vistoli Chow group A˚pXq – A˚pXq with Q-coefficient. There is a degree
map
d : A0pXq Ñ Q
such that dprptsq “ 1
r
if rpts is a 0-cycle supported on a single point of X . We define
a normalized degree function
deg : A0pXq Ñ Q
by degprptsq “ rdprptsq “ 1. The slope of E on X is then again defined as µpEq “
degpEq
rkpEq .
Definition 4.1. (Slope stability) A torsion-free sheaf E on X is stable if for any
subsheaf F Ă E, µpF q ă µpEq.
Now let pA,Φq be a Higgs-Azumaya algebra on X . The Higgs field is Φ : A Ñ
AbKX . For the Azumaya algebra A on X , we define
µpAq “
degpAq
rkpAq
where degpAq is defined as the degree of the adjoint sheaf E.
Definition 4.2. ([18, Definition 6.1.2]) An Higgs-Azumaya algebra pA,Φq on X
is called stable if for all non-zero Φ-invariant right ideals I Ă A of rank strictly
smaller than rkpAq we have µpIq ă 0.
Lemma 4.3. For a µr-gerbe p : X Ñ X, a locally free X-twisted sheaf E is stable
if and only if the Azumaya algebra p˚EndpEq is stable.
Proof. This is from that any Φ-invariant right ideal of A has the form HompE,F q
for a φ-invariant subsheaf F Ă E. 
We let
HGAsX{Sprq ĂHGAX{Sprq
denote the open substack of HGAX{Sprq parametrizing stable generalized Higgs-
Azumaya algebras by the isomorphism HGAX{Sprq – H
X
r in Proposition 3.15.
Therefore HGAsX{Sprq –
`
H Xr
˘s
.
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4.2. Obstruction theory for twisted sheaves. Let f : X Ñ S be a smooth
morphism, and let us fix a µr-gerbe X Ñ X such that perpXq :“ |rXs| “ r in
H2pX,Gmqtor, i.e., it is an µr-optimal gerbe. Then from de Jong’s result [4], the
index indpXq “ perpXq, where indpXq is the minimal rank r ą 0 such that there
exists a X-twisted locally free sheaf of rank r. Moreover, any such a X-twisted sheaf
E is stable automatically.
Let Ms,tw :“ Ms,tw
X{κpr, L, c2q be the moduli stack of stable X-twisted torsion free
sheaves with rank r, fixed determinant L P PicpXq and second Chern class c2. Let
E Ñ XˆMs,tw
X{κpr, L, c2q
be the universal twisted sheaf on XˆMs,tw. Let
pX : XˆM
s,tw
X{κpr, L, c2q Ñ X
and
pM : XˆM
s,tw
X{κpr, L, c2q Ñ M
s,tw
X{κpr, L, c2q
be the projections. Then from [17, §6.5.1], we have
Φ : RpM˚ pRH ompE,Lp
˚
XωX b Eqq ÝÑ LMs,tw
X{κ
r´1s
and we restrict it to the traceless part and get a morphism:
(4.2.1) Φ : RpM˚ pRH ompE,Lp
˚
XωX b Eqq0 ÝÑ LMs,tw
X{κ
r´1s.
Then the shift of Φ by 1, Φr1s is a perfect obstruction theory for the moduli stack
Ms,tw
X{κ in the sense of [3], [15].
4.3. Deformation theory and virtual classes for HGAsX{S. Recall that
N tw :“ N tw,s
X{S pr,O, c2q is the moduli stack of X-twisted stable Higgs sheaves of
rank r with fixed determinant O and second Chern class c2. If we let N
tw,s
vb :“
N tw,vb,s
X{S pr,O, c2q be the substack of N
tw,s
X{S pr,O, c2q parametrizing locally free X-
twisted rank r sheaves, then N tw,svb is schematically dense.
Recall from §2.1, the stack H POX{Sprq is the stack of Higgs pure sheaves on X
of rank r and detpEq “ O. Let
´
H P
O
X{Sprq
¯X
be the substack of the X-twisted
pure sheaves of H POX{Sprq. Then
f˚
ˆ´
H P
O
X{Sprq
¯X˙
“ fX˚
´
H P
O
X{Sprq
¯
.
Also if we let
´
H P
O
X{Sprq
¯X,s
be the substack of
´
H P
O
X{Sprq
¯X
consisting of
stable X-twisted pure Higgs sheaves of rank r, detpEq “ O, then´
H P
O
X{Sprq
¯X,s
– N tw,s
X{S pr,Oq.
From (3.2.1), H POX{Sprq ( µr
„
ÝÑ H A Xprq. After fixing the cohomology class
of the gerbe rXs, we have:´
H P
O
X{Sprq
¯X,s
( µr
„
ÝÑ pH A Xprqq
X,s
,
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where pH A Xprqq
X,s
Ă H A Xprq is the substack of stable generalized Higgs-
Azumaya algebras pA,Φq on X with cohomology class rXs P H2pX,µrq. Hence
there is a morphism:
(4.3.1) Ψ1 : N
tw,s
X{S pr,Oq Ñ pH A Xprqq
X,s
which is a µr-gerbe. Also from the morphism f : X Ñ Specpκq “ S, we have a
morphism
(4.3.2) Ψ2 : pH A Xprqq
X,s
Ñ fX,s˚ pH A Xprqq “ pH
X
r q
s “ HGAsX{Sprq
which is a R1f˚pµrq-cover. Thus we have:
Proposition 4.4. We get a covering morphism
(4.3.3) Ψ : N tw,s
X{S pr,Oq Ñ HGA
s
X{Sprq
which factors through pH A Xprqq
X,s.
Remark 4.5. The stack pH A Xprqq
X,s
is actually isomorphic to the moduli stack
of twisted stable Higgs sheaves in sense of Yoshioka [26] which is studied in [13,
§3.3, §3.4].
4.3.1. Perfect obstruction theory for twisted Higgs sheaves. For the stack N tw :“
N tw,s
X{S pr,O, c2q of X-twisted stable Higgs sheaves on X, we recall the perfect
obstruction theory in [13, §4.2].
We work on a family X Ñ X Ñ S over a scheme S. Recall that Y “ TotpKXq,
and the category of X-twisted Higgs sheaves pE, φq on X is equivalent to the category
of torsion sheaves on Y supported on X Ă Y. Let us pick up a twisted universal
sheaf E over N tw ˆS Y. We use the same pi to represent the projection
pi : YÑ X; pi : N tw ˆS YÑ N
tw ˆS X.
We then let
E :“ pi˚E on N
tw ˆS X
is flat over N tw. E is also coherent because it can be seen locally on N tw, and is
also a X-twisted sheaf. It defines a classifying map:
Π : N tw Ñ Mtw
by
E ÞÑ pi˚E ; pE, φq ÞÑ E,
whereMtw is the moduli stack of X-twisted coherent sheaves on the fibre of X Ñ S.
We use the same E over Mtw ˆ X and E “ Π˚ E on N tw ˆ X. Let
pY : N
tw ˆS YÑ N
tw; pX : N
tw ˆS X Ñ N
tw
be the projections. From [13, (4.2.4)], we have:
(4.3.4) RH ompYpE , E q
pi˚
ÝÑ RH ompXpE,Eq
r¨,φs
ÝÑ RH ompXpE,EbKXq.
Taking the relative Serre dual of the above exact triangle we get
(4.3.5) RH ompXpE,Eqr2s Ñ RH ompXpE,EbKX{Bqr2s Ñ RH ompYpE , E qr3s.
From [13, Proposition 4.1], (4.3.5) is the same as (4.3.4), just shifted.
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We borrow the following commutative diagram in [22, Corollary 2.22], in which
the exact triangle (4.3.4) fits:
RH ompXpE,EbKX{Sq0r´1s
//
OO

RH ompYpE , E qK
//
OO

RH ompXpE,Eq0OO

RH ompXpE,EbKX{Sqr´1s //OO
id tr

RH ompYpE , E q //OO

RH ompXpE,EqOO
id tr

RpX˚KX{Sr´1s oo // RpX˚KX{Sr´1s ‘RpX˚OX oo // RpX˚OX
where p´q0 denotes the trace-free Homs. The RH ompYpE , E qK is the co-cone of
the middle column. The truncation τ r´1,0sRH ompYpE , E q defines a symmetric
perfect obstruction theory on the moduli space N tw.
Now consider the morphism (4.3.3) in Proposition 4.4:
Ψ : N tw Ñ HGAsX{Spr, c2q,
where HGAsX{Spr, c2q represents the stack of generalized Higgs-Azumaya algebras
on X with cohomology class rXs, and of rank r2 and second Chern class c2.
Let HA :“ pA,Φq be the universal generalized Higgs-Azumaya algebra on
X ˆ HGAsX{Sprq whose fiber over the moduli space have cohomology class rXs.
Let
p : XpHAq Ñ X ˆHGAsX{Sprq
be the gerbe of trivialized trivializations of HA. Then we have
A – Rp˚REndprEq
for an XpHAq-twisted sheaf rE, and a universal Higgs filed Φ. Thus prE,Φq defines a
universal XpHAq-twisted sheaf rE on Y ˆN tw. Moreover, the covering morphism
Ψ gives rise to an isomorphism:
rp : XpHAq ˆXˆHGAs
X{S
prq X ˆN
tw „ÝÑ XˆN tw
and rp˚ E is a universal sheaf rE. Also we have an isomorphism:
rp : XpHAq ˆYˆHGAs
X{S
prq Y ˆN
tw „ÝÑ YˆN tw
and rp˚E is a universal sheaf rE . Thus we get
(4.3.6) RH ompE , E q – Lrp˚HA.
Now let HA0 ĂHA be the trace-less part and we have
RH ompE , E qK0 – Lrp˚HA0.
So from [18, Proposition 3.4.3.7], or the virtual pullback we have:
Theorem 4.6. Let L‚
HGA
be the cotangent complex for the stack HGAsX{Sprq.
Then
HA0 Ñ L
‚
HGA
defines a symmetric obstruction theory on HGAsX{Sprq in sense of Behrend [2].
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Proof. This is from the compatible diagram:
RH ompE , E qK0 //
–

L‚
N tw
–

Lrp˚HA0 // Ψ˚L‚HGA
The symmetric property of the perfect obstruction theory HA0 Ñ L
‚
HGA
is just
from the symmetric obstruction theory of RH ompE , E qK0 . 
4.4. Application to Vafa-Witten invariants. Recall that in [13, §4.3], let
NK,twO Ă N
tw be the the moduli stack of X-twisted rank r stable Higgs sheaves
with detpEq “ O and second Chern class c2. Then
RH ompYpE , E qKr1st
´1 ÝÑ L
N
K,tw
O
defines a symmetric obstruction theory.
Here is the definition of twisted Vafa-Witten invariants in [13, Definition 4.4].
Definition 4.7. Let NK,twO be the moduli space of X-twisted stable Higgs sheaves.
Then the twisted Vafa-Witten invariants are defined as:
VWtwpXq :“
ż
rpNK,tw
O
qGm svir
1
epNvirq
.
Here NK,tw
O
admits a Gm-action induced by the Gm-action on KX by scaling the fibers
and rpNK,twO q
Gmsvir is the virtual fundamental class on the fixed loci and epNvirq is
the Euler class of the virtual normal bundle. The invariants are defined by the
virtual localization in [7]. This corresponds to the gauge group SUprq{Zr.
The symmetric obstruction theory HA0 on HGA
s
X{κprq also defines a virtual
fundamental class
rHGAsX{κprqs
vir P H0pHGA
s
X{κprqq.
The stack HGAsX{κprq also admits a Gm-action given by λpA,Φq “ pA, λΦq by
scaling the Higgs fields. We write´
HGAsX{κprq
¯Gm
as the Gm-fixed loci.
We discuss the Gm-fixed loci
´
NK,tw
O
¯Gm
and
´
HGAsX{κprq
¯Gm
.
4.4.1. Case I-Instanton Branch: This component corresponds to Gm-fixed Higgs
pairs pE, φq such that φ “ 0. Then twisted sheaf E must be stable, and this
component is the moduli spaceMs,tw
X{κ :“ M
s,tw
X{κpr,O, c2q of X-twisted stable sheaves
on X with rank r, fixed determinantO and second Chern class c2. The exact triangle
in (4.3.4) splits the obstruction theory
RH ompYpE , E qKr1st
´1 – RH ompXpE,EbKXq0r1s ‘RH ompXpE,Eq0r2st
´1
where t´1 represents the moving part of the Gm-action. Then the Gm-action induces
a perfect obstruction theory
E‚M :“ RH ompXpE,EbKXq0r1s Ñ LMs,tw
X{κ
.
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The virtual normal bundle
Nvir “ RH ompXpE,EbKXq0t “ E
‚
M b tr´1s.
The twisted Vafa-Witten invariant contributed from Ms,tw
X{κ isż
rMs,tw
X{κ
svir
1
epNvirq
“
ż
rMs,tw
X{κ
svir
cvdpE
‚
Mq P Z.
This is the signed virtual Euler number of Ciocan-Fontanine-Kapranov/Fantechi-
Go¨ttsche, see [5].
On the stack
´
HGAsX{κprq
¯Gm
, the first component corresponds to the Gm-fixed
Higgs-Azumaya pairs pA,Φq such that Φ “ 0. It is the stack GAsX{κprq of stable
generalized Azumaya algebras A on X with cohomology class rXs.
4.4.2. Case II-Monopole Branch: The second component Mp2q corresponds to the
case that in the Gm-fixed S-twisted stable Higgs sheaf pE, φq, the Higgs field
φ ‰ 0. This component corresponds to nested Hilbert schemes, see [13]. For´
HGAsX{κprq
¯Gm
, the second component Mp2q corresponds to Gm-fixed Higgs-
Azumaya pairs pA,Φq such that Φ ‰ 0.
4.4.3. Relationship between virtual classes. We present the pullback properties of
virtual classes:
Theorem 4.8. The morphism
Ψ : N tw Ñ HGAsX{κprq
and the obstruction theories E‚
N tw
and HA0 are compatible with the Gm-action,
therefore gives
Ψ!
´
rHGAsX{κprqs
vir
¯
“ rNK,tw
O
svir.
We also have:
Ψ!
ˆ”´
HGAsX{κprq
¯Gm ıvir˙
“
”´
NK,tw
O
¯Gm ıvir
and
Ψ!
`
Nvir
N tw
˘
“ NvirHGA,
where Nvir
N tw
and Nvir
HGA
are the virtual normal bundles for the obstruction theories
E‚
N tw
and HA0. Thus the PGLr-invariant
VWPGLpXq “
ż”´
HGAs
X{κ
prq
¯
Gm
ı
vir
1
epNvir
HGA
q
can be calculated by the twisted invariant VWtwpXq in Definition 4.7.
Proof. This is the perfect obstruction theory of HA0 in Theorem 4.6 and
isomorphism (4.3.6). Also since the Gm-action is given by scaling the Higgs fields φ
and Φ, it is compatible with the symmetric obstruction theories. Thus the results
are from the virtual pullback property in [19]. 
The following corollary is from the instanton branch:
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Corollary 4.9. When restricting to the instanton branch, the perfect obstruction
theory
E‚M :“ RH ompXpE,EbKXq0r1s Ñ LMs,tw
X{κ
is the same as the pullback of the perfect obstruction theory A0 Ñ L
‚
GAs
X{κ
in [18,
§6.5.2].
.
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